Abstract-This paper is dedicated to the problem of pneumatic cylinder control without pressure measurement. Based on the theory of homogeneous, finite-time stable, ordinary differential equations, a state-feedback nonlinear controller is proposed. The closedloop system stability is proved and an attraction domain of the controller is given. The performances and the effectiveness of the proposed controller are illustrated against an experimental setup consisting of a pneumatic cylinder controlled by a dSPACE dS1103 microcontroller.
A. Related Work
In [20] , a practical control strategy was developed based on the piston position measurement. The authors investigated the pressure dynamics and revealed a close relation between the pressure feedback and acceleration feedback. This investigation motivated the design of a PID controller augmented with an acceleration feedback. The controller features conceptual simplicity and low computational cost. The velocity and acceleration were estimated by differentiating the output signal.
In [18] , a sliding-mode control was designed. It is based on the concept of multiple surfaces and admit a backstepping design structure while featuring robustness properties of sliding modes. In addition to its robustness to uncertainties, the controller permit to cope with mismatched perturbations 1 caused by the unknown forces acting on the piston rod. The stability of the closed loop has been proven, however, the structure of the controller is quite complex.
In [5] , two conventional, first-order, sliding-mode controllers were developed, the first one is based on the linearized model while the second one is based on the nonlinear model. Good performances were obtained in stabilization and in tracking. The experiments were conducted with the cylinder mounted in a vertical and a horizontal positions with different loads. The equivalent control method (introduced by Utkin et al. [19] ) was implemented by using the pressure sensors. It should be noticed that the control in the vertical position is more challenging due to the asymmetry induced by the weight of the payload.
In [14] , a backstepping construction was developed based on the Lyapunov functions. The controller uses the pressure sensors. It performs well on a horizontally mounted cylinder.
In [13] , a pressure observer was designed based on a linearized model of the system. A state-feedback controller as well as an output (observer-based) feedback controller were compared in order to evaluate the effectiveness of the observer.
In [12] , a sliding-mode control was developed to control a pneumatic cylinder using the solenoid valves. The control is interesting since it provides accurate positioning of a horizontally mounted cylinder while using a low-cost technology of the valves.
B. Main Contributions
This paper proposes a simple controller which is based on the concepts of homogeneity and finite-time stability [2] - [4] . To the best of the authors knowledge, these concepts have not yet been investigated in the context of the pneumatic actuators. The proposed controller involves a second-order constraint 1 Perturbations that do not enter via the range space of the control effort.
and has some resemblance with the sliding-mode-based controllers [5] , [12] . Recall that a major drawback of the slidingmode control is the chattering effect caused by the discontinuous input. The proposed controller involves a tuning parameter α ∈ [0, 1] such that setting α = 1 turns out the controller to a linear one, while setting α = 0 results in a conventional slidingmode controller. Naturally, setting α close to zero provides a continuous approximation of the discontinuous control. From a theoretical point of view, if α > 0, the proposed controller does not suffer from chattering, however, in a practical context, a chattering may appear caused by a noisy measurement. In summary, the tuning of α permits to ally the robustness against perturbations of the sliding modes to the smoothness of the linear control.
The stability of the closed loop is proved and a domain of attraction of the controller is evaluated. We mention that in all the previously cited works, the domain of attraction of the developed controllers was not provided. Notice that due to the physical constraints on the piston displacement and on admissible velocities and accelerations imposed by the constructor, it is important to guarantee that during the transients, the system states do not leave a predefined domain. A numerical evaluation of the domain of attraction for the pneumatic actuator that served in the experimental validation is given. It shows that the calculated domain is plausible. In addition, the attraction domain is experimentally validated.
In Section VI, the control signals are provided in order to illustrate the influence of the parameter α and show that a proper tuning combines robustness and chattering reduction. We mention that, except for [12] , the control signals were not reported in previous works.
As in [20] , the controller uses the piston position and its first and second derivatives and does not rely on the pressure measurements. The estimation of the output derivatives is accomplished by using the numerical differentiators introduced in [11] . They consist of finite impulse response filters and feature ease of implementation and low computational cost. The velocity and acceleration estimates are provided and shown to evolve in the predefined domain.
The experimental validation is accomplished on a vertically mounted cylinder with a payload ranging from 0% to 75% of the maximal admissible load.
C. Paper Organization
The paper is organized as follows. Section II briefly introduces homogeneous, finite-time-stable systems. The dynamic model is recalled in Section III, while the controller is developed in Section IV. The position signal derivatives are estimated in Section V. The experiments are presented in Section VI. The paper ends in Section VII with a conclusion.
II. HOMOGENEOUS SYSTEMS AND FINITE-TIME CONVERGENCE

A. Brief Summary
This section summarizes the elementary notions about homogeneous, finite-time stable, ordinary differential equations.
Only the case of a scalar system is recalled since it is used in forthcoming sections. Section II-A is mainly taken from [3] . Interested readers can see [2] , [4] for deeper studies on the subject. In the sequel, the following notation is used:
where | • | denotes the absolute value of x. Using (1), the following rules for derivatives are verified, except at x = 0, where the derivatives are not defined:
The mapping defined by x → Λ r x, where Λ r x = λ r x, is called a dilation with r and λ two positive numbers. A function f (x) : R → R is homogeneous with degree m ∈ R with respect to the dilation
Consequently, the scalar ordinary differential equationẋ = f (x) is said to be homogeneous with degree m with respect to Λ r . A remarkable property of homogeneous systems with negative degree (i.e., m < 0) (see [4] ) is the finite-time stability of an equilibrium point if this equilibrium is asymptotically stable.
The simple integratoṙ
is of main importance for the control design in the sequel. It is homogeneous with negative degree m = r(α − 1) with respect to Λ r and is therefore finite time stable. In addition, if one takes α = 0, (2) reduces toẋ = −sign(x) resulting in a conventional variable structure system featuring also finite-time stability [19] . Moreover, for α = 1 one obtainsẋ = −x, a linear, asymptotically stable, system. Therefore, system (2) with α small enough can be seen as a continuous approximation of a variable structure system. It features the finite-time stability property, shares good robustness with the sliding modes, and provides a continuous, chattering free, system in the theory. From a theoretical point of view, finite-time stability provides a decisive advantage compared to asymptotic stability. However, in our practical context, the homogeneous controller is designed on a subsystem of the pneumatic actuator equations after a nonlinear transformation. A zero dynamics remains which is asymptotically stable. In sum, the developed state-feedback controller provides asymptotic stabilization of the pneumatic system with capability to ally robustness and chattering reduction through a parameter tuning (α).
B. Application to the Stabilization of Nonlinear Systems
Consider a nonlinear systeṁ
where ξ ∈ R n , f(ξ) : R n → R n and g(ξ) : R n → R n are nonlinear functions and u ∈ R.
Assume that S is a given constraint, the zeroing of which solves the stabilization problem of (3), i.e., if S = 0, ξ(t, t 0 , ξ 0 ) → 0 as t → ∞. Assume that the relative degree of S is 1 and that its time derivative can be written in the following form:Ṡ = f 1 (S) + f 2 (S)u + p(t, S). f 1 (S) is a Lipschitz continuous function |f 1 (S)| < LS where L is a positive constant. f 2 (S) is a nonlinear function bounded away from zero that is there exists f 2 , a strictly positive constant, such that f 2 (S) > f 2 . p(t, S) is a bounded perturbation. Then, if p(t, S) is sufficiently small, there exist a ball B δ around the origin (S = 0) with radius δ, a positive constant, such that the control u = −Φ α (S), 0 < α < 1, ensures the convergence of S inside B δ . Consequently, x converges inside a "small" ball around the origin x = 0. In addition, if p(t, S) = 0, the system is asymptotically stable at zero. This procedure is developed for the pneumatic actuator in the coming sections.
III. DYNAMIC MODEL OF THE SYSTEM
The derivation of the dynamic equations of the pneumatic actuator can be found in [17] , [18] , and [20] . The state vector is of dimension 4. With y to denote the position of the piston, v its velocity, P 1 and P 2 the pressures in both the compartments of the cylinder, the dynamic equations writeṡ
where
A o the area of the orifice of the servovalve. The control u represents the input voltage to the servovalve, while U denotes the maximal input voltage (|u| ≤ U ). P s denotes the supply pressure. Δ represents an external load and can also represent gravity when the cylinder is mounted in a vertical position. T denotes the air temperature, assumed to be constant. The heat coefficient for air is k, while R is the perfect gas constant. 2L denotes the total length of the cylinder, while M the mass of the moving part (piston, payload, etc.).
γ 1b , γ 2e , γ 1e , and γ 2b are given by:
< 0.528. P a denotes the atmospheric pressure. A block diagram of the openloop system is depicted in Fig. 1 . With F = P 1 A 1 − P 2 A 2 , the resultant pressure force, the system model can be reduced to (see [18] ) 
where 
is of full rank (since M > 0) and consequently is invertible. Therefore, the change of coordinate is a diffeomorphism. In (y, v, S) coordinates, the system equations are given bẏ
Since a main contribution of this paper is to provide a domain of attraction for the designed controller, and in order to show that the bounds are physically plausible, the physical parameters of the pneumatic cylinder that served in the concrete validation are listed in Table I. IV. CONTROL DESIGN Before proceeding to the control design, it is important to notice that the control gain G(y, P 1 , P 2 ) can be zero whenever (P 1 , P 2 ) = (P s , P a ) or (P 1 , P 2 ) = (P a , P s ). Any of these two situations result in a control singularity. Fortunately, they barely happen in practice since they correspond to one of the following situations:
1) an excessive load Δ, i.e., P s A 1 − P a A 2 ≈ Δ or −P a A 1 + P s A 2 ≈ Δ; 2) an excessive acceleration, if Δ is small enough, which may lead to the piston hitting the stops. Assume now that there exists a control guaranteeing that the acceleration cannot exceed predefined bound. With an acceptable load Δ, this means that the pressure difference |P 1 − P 2 | is bounded since, from (6), one deduces that
Moreover, by examining (4) and (5), it appears thaṫ P 1 andṖ 2 have opposite sign independently of the velocity v and the control u. Consequently, P 1 and P 2 cannot increase or decrease simultaneously. With these two observations, one can notice that if P 1 and P 2 are properly initialized (at atmospheric pressure for example), then neither P 1 nor P 2 will exceed P s . A rigorous proof of such an assertion is quite lengthy and is out of the scope of this paper. However, this discussion can motivate the following assumptions:
Remark 1: The rough constant 2.5 in Assumption 2 is found using the maximal admissible load for the actuator in vertical position (see Table I ). Such a bound can be easily determined for other cylinders knowing the admissible load.
The case of a constant perturbation is investigated in Section IV-A, while time-varying perturbations are treated in Section IV-B.
A. Constant Perturbation (Δ = 0)
The case of a constant Δ (Δ = 0) is considered first. The stabilizing controller and its domain of convergence are described by the following theorem. 
whereρ and ρ are the maximal and minimal eigenvalues of P, respectively, i.e.,ρ = max{1, b} and ρ = min{1, b}. Then, any trajectory of (6) initialized such that
converges asymptotically to zero under the control
where K = U 1−α Γ α and Φ α (ÿ + aẏ + by) uses the notation (1).
Remark 2: The first condition in (9) is imposed by the physical displacement of the cylinder. It prevents the piston from hitting the stops.
Remark 3: A block diagram of the closed-loop system is depicted in Fig. 2 .
Proof: Notice that the proof can be equivalently carried out using (6) or (7) . Recall that S is given by S =ÿ + aẏ + by and introduce the Lyapunov function
The derivative of V 1 giveṡ
where | • | denotes a standard vector norm or the absolute value for scalar entries.
With the aid of (11), inequality (12)
ρ |S|, which means that V 1 (Y ) decreases as long as
a . Consequently, (see [8] ) there exists θ > 1 and a finite amount of time such that √ V 1 enters a θ-neighborhood of |S|, i.e.,
Consider now the time derivative of Ṡ
Take the Lyapunov function
Its time derivative readṡ
With (10), Assumption 1, andĀ from (8), one can write the following inequality:
It is clear, according to [8] , Sec. 9.2], that there exist a finite amount of time such that the following inequality is satisfied:
Consequently, one obtainṡ
Thus, in order to ensure thatV 2 is negative, S has to satisfy
and consequently, K|S| α ≥ Γ|S|, where Γ is given by (8) . By noticing that |u| = K|S| α ≤ U one has to choose |S| <S whereS = U Γ which leads to the third inequality in (9) . The satisfaction of (16) 
, the second inequality in (9) . Finally,
In order to evaluate the validity of the attraction domain given by (9), set a = 10 and b = 40, which givesρ = 40 and ρ = 1. Taking γ = 0.2, θ = 1.1 leads to Γ ≈ 9. Then, from the second equation of (9), one gets y max < 0.1m andẏ max < 0.7m/s, which correspond, roughly, to the half of the maximal velocity authorized by the constructor (1.5m/s). In addition, from the third inequality of (9) one getsÿ max < U Γ + aẏ max + by max leading toÿ max ≤ 11m/s 2 . Note that Remark 4 is of main importance since the calculated bounds will be validated experimentally in Section VI.
B. Time-Varying Perturbation (|Δ| ≥ 0)
It is shown in this section that under boundedness assumptions on Δ andΔ (Δ can be discontinuous), the closed-loop system converges inside a ball around the origin, the radius of the ball can be reduced by decreasing α. In particular, with α = 0, the closed loop transforms into a variable structure system which is insensitive to the perturbation. This is presented in the following proposition:
Proposition 4.1: Let Assumptions 1 and 2 be satisfied and assume, in addition, that Δ is a differentiable function, such that
. Consider the closed-loop system (6), (10) initialized inside the domain delimited by Then, for any α such that 0 < α < 1 −
D L
2Ωγ P a U , there exist a ball B δ , centered at the origin (i.e., Y = 0,ÿ = 0), of radius δ, such that any trajectory of (6), (10) , initialized according to (18) , converges inside B δ , where δ is bounded from above
. In addition, if α = 0, the control reduces to u = −U sign(ÿ + aẏ + by), the feedback system is insensitive to the perturbation and converges asymptotically to zero.
Proof: Here again, the proof is carried out using (7). With a nonconstant perturbation, it can be verified that the inequalities (17) can be reduced, respectively, tȯ
anḋ
Consequently, in order to ensure thatV 2 is negative, the inequality (20) is reduced, with the aid of (14) to the following one:
Notice that (21) follows if the following inequality is verified:
where Γ is given by (8) . The function K|S| α and the straight line Γ|S| + In addition, (13) leads to the second inequality in (18) .
Moreover, and by using Fig. 3 once again, one has to choose α such that the slope of K|S| α at S =S is less than Γ. This leads to αK|S| α −1 < Γ and consequently to the condition on
Moreover, using that which corresponds to the point r in Fig. 3 . For this aim, reconsider (22) and notice that the following inequality is verified:
α . The proof of the last assertion of proposition is straightforward. It is proven from (21) by replacing K|S| α by U in the left-hand side of the inequality.
C. Robustness Against Parameter Variation and Modeling Errors
Previous Sections IV-A and IV-B discussed the influence of a constant additive perturbation (Δ = 0) and a time varying one.
Let us assume that the parameters T, A 1 , A 2 , etc., can vary due, for example, to a mismodeling or aging. Two cases have to be discussed. IfΔ = 0, then, according to Theorem 4.1, a parameter change influences only the parameter Γ in (9), and consequently, the size of the domain of convergence; however, the asymptotic stability is still guaranteed. On the other hand, iḟ Δ is time varying, a parameter change influences both D and Γ in (18) , and consequently, both the domain of convergence (18) as well as the size of B δ are modified.
V. NUMERICAL ISSUES: DERIVATIVE ESTIMATION
In order to implement the controller, first-and second-order derivatives have to be available. They can be estimated using an observer or a differentiator. The literature about derivative estimation of noisy signals is large, a well-known technique is based on the theory of the sliding modes [9] . The robustness to noises and the low computational cost of the numerical differentiators of [11] motivated their use in this paper. Briefly, the method considers a Taylor expansion as a local model of the noisy signal, convolves it with a properly chosen polynomial in order to obtain the desired derivative estimate as the output of the convolution (i.e., a filtering operation). Afterward, the convolution formula is discretized using a numerical integration scheme in order to obtain a finite impulse response filter. The method is summarized in the following lines for first-and second-order derivatives. Note that derivative estimation of any order has also been provided in [11] .
A. First-Order Derivative
Consider a first-order Taylor expansion
where s is an idle variable and T a design parameter that corresponds to the length of a sliding window used for the estimation of the derivative. Multiplying both the sides of (23) by After straightforward simplifications, a causal, first-order, derivative estimator is obtaineḋ
B. Second-Order Derivative
Consider now a second-order Taylor expansion
Multiplying both the sides of (25) with
2 and integrating over [0, 1] leads, after simplifications, to the following, causal, second-order, derivative estimator:ÿ
C. Discretization
For the first-order derivative estimator, the integral is numerically approximated using the trapezoidal rule. While for the second-order derivative, Simpson rule has been used since it involves a higher order polynomial. The first-order derivative estimator has been discretized using nine samples. It is given by: 
VI. EXPERIMENTATION
The experimental setup that served for the experiments is depicted in Fig. 4 . It can be shown the servovalve (Festo, MPYE-5-1-1/8-LF-010-B), the cylinder (Festo, DNCI-32-200-P-A-MU) with a payload of 5 kg, the compressor (silent compressor, C.I.F CS-25), the dS1103 with interface panel, and the monitoring via ControlDesk. The control has been implemented using MATLAB-Simulink. The sampling time d is equal to d = 0.01 s. This sampling time allows the implementation of the controller on low-cost real-time boards. The control law is given by u j = −K K sign (ỹ j + aỹ j + by j ) × |ỹ j + aỹ j + by j | α , where j denotes the present, discrete-time, instant. The position signal first and second derivatives (ỹ andỹ) are evaluated using the filters, h 1 and h 2 , calculated in Section V with the 
. The block diagram of the control law is shown in Fig. 5 . Due to the asymmetry induced by the piston rod, as well as the vertically mounted cylinder, the control gain K in the upward direction has been set to 120% of the gain in the downward direction, i.e., K = 1.2 if u k ≥ 0 and K = 1 if u k < 0. The parameters of the experimental setup are given in Table I. A particularity of the benchmark is that the air compressor has a nominal power of 0.13 kW, a flow rate of 17l/min at 0 bar and 12l/min at 8 bars. Roughly, the compressor can drive 13 kg at a velocity of 1 m/s. The servovalve nominal flow rate is 350l/min and it is oversized compared to the compressor flow rate, as it will be shown in the experimental results on the control magnitude. However, the compressor provide two advantages: first, it is a silent one, and second, it is easily transportable. The actuator accepts a maximal load of 15 kg, when mounted in a vertical position. Therefore, in order not to overload neither the compressor nor the actuator, the tests have been conducted with a maximum payload of 11kg. First, a stabilization experiment is presented in Section VI-A in order to validate the domain of attraction computed in the theoretical part (see Remark 4) . Then, the step response experiments of the cylinder are detailed in Section VI-B, where the value of α is taken in the set α ∈ {0.1, 0.5, 0.8} and the payload Δ is gradually increased as follows: 0, 20, 50, 70, 90, 110 N. The load can be considered as slowly varying (Δ ≈ 0) due to the mechanical clearances between the payload and the piston rod eye (see Fig. 4 ). Except for α, all the parameters (a, b, h 1 , h 2 , K) are kept constant in the experimental tests.
In the coming experiments, one should notice that the transient responses are affected by both the load variation and the value of the parameter α. Since the piston is mounted in a vertical position, increasing the load increases (respectively decreases) the time of an upward (respectively downward) displacement. In order to point out the influence of α, let us take 0 < α 1 < α 2 < 1 and notice that as |S| < 1 then |S| α 1 > |S| α 2 , the control effort is bigger which offers a faster convergence. The opposite effect takes place if |S| > 1.
A. Bound Validation
The piston is charged with a mass of 2 kg, as can be seen in Fig. 7(b) ], which is acceptable for the servovalve having a natural frequency of 100 Hz.
2) Δ = 50 and Δ = 70 N: Two experiments have been done with a payload of 5 and 7 kg, respectively. Compared to the previous case in Section VI-B1 (free load), the results were quite similar and consequently not reported herein.
3) Δ = 90 and Δ = 110 N: In this experiment, the value of the load is again increased to reach 75% (11 kg) of the maximal load indicated by the constructor (see Table I ). By comparing to previous cases in Sections VI-B1 and VI-B2, a degradation of the performances can be noticed from Fig. 8(a) , since an overshoot appeared when the piston is traveling downward. This results in an almost elimination of chattering as it can be seen in Fig. 8(b) . Note that the results of the experiment with 9 kg weight are quite similar to the case 11 kg, nevertheless, an overshoot with smaller amplitude is remarked. The stabilization time increases as the load Δ increases.
C. Case 2: α = 0.5
This experiment is conducted to study the influence of the parameter α. Its value is increased to α = 0.5. The pneumatic cylinder is loaded with a 2, 5, and 7 − kg weights. Under 2 and 5 kg, the controller performs well. However, as it can be remarked from Fig. 9(a) , under 7 kg, the piston position follows its reference with a significant static error and a nonsymmetric behavior in step response. As a consequence, the chattering disappears to the detriment of a net loss in performances as it is obtained in the Fig. 9(b) . The asymmetric static error can With α = 0.8, the controller provides a small static error for only the 2-kg load [see Fig. 10(a) ]. However, it induces an asymmetric step response in the upward and downward motions. When α is increased, it can be seen from Fig. 10(b) that both the magnitude and the frequency (≈ 8 Hz) of the chattering phenomena are decreased. However, the performances are significantly altered by increasing the load.
E. Comparison to Previous Works
The previous works on the pneumatic systems control recalled in Section I-A can be classified in two categories, linear controllers [20] and nonlinear controllers [5] , [12] , [14] , [18] .
The control proposed in this paper cannot be accurately compared to [5] , [14] , [18] , since they all involve the pressure sensors, nor to [12] since it uses a different technology of valves (solenoid valves instead of a servovalve).
The PID plus acceleration feedback (PIDD 2 ) controller proposed in [20] is implemented on our experimental setup in order to illustrate a structural defect of linear control in the presence of Coulomb frictions known as the "hunting effect" [7] . Since a tuning rule of the controller parameters (K p , K i , K d , and K a ) was not provided in [20] , we proceeded as follows. Our first guess consisted of the parameters given by [20] procedure is employed in order to find an acceptable parameter set. The obtained values are K p = 2.2, K i = 0.8, K d = 0.05, and K a = 0.001. The velocity and acceleration are estimated using the numerical differentiators described in Section V. The controller is tuned under no load condition. Fig. 11(a) and (b) shows the results of an experiment under a 2-kg load clearly illustrating the hunting effect [7] caused by Coulomb frictions on the piston rod and the integral action of the controller. The overshoot which appears on the step response increased under the 2-kg load.
VII. CONCLUSION
In this paper, a state-feedback nonlinear controller was proposed for a pneumatic cylinder by using the theory of homogeneous, finite-time stable, ordinary differential equations. Based on the Lyapunov theory, asymptotic stability of the closed-loop system was proved and a domain of attraction of the controller was ensured. Theoretical analyses were confirmed through the experimental tests using a pneumatic cylinder controlled by a dSPACE dS1103 microcontroller. In fact, in order to increase the precision (decrease the static error), and obtain a symmetric behavior in the upward and downward step responses, the parameter α of the controller should be decreased. The main disadvantage is the chattering of the control signal. Theoretically, the control is a continuous function. Therefore, chattering should not appear. However, as α decreases the inevitable noise on the estimated velocity and acceleration is amplified resulting in a fluctuating control signal.
It is well known that the introduction of a delay in modeling complex systems allows one to obtain a simple mathematical representation of the system [1] . Thus, it seems interesting to model the pressure dynamics through the introduction of a (variable) delay and design a controller based on a second-order model having a delayed input. This possibility will be investigated in a future work and compared to the results obtained in the present one.
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